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ABSTRACT

The problem of robust sampled-data control system
design to form of desired output transients is dis-
cussed under assumption of incomplete information
about varying parameters of the system and unknown
external disturbances. The systematic design pro-
cedure of sampled-data control systems with small
sampling period is received, where the design method
based on the formation of two-time scale motions in
the closed loop system is used. It has been shown
that if a su�cient time-scale separation between the
fast and slow modes in the discussed closed loop sys-
tem and stability of fast modes are provided then
slow modes have the desired form and thus the out-
put transient performance indices are insensitive to
parameter variations of the plant model. Finally, in
order to guaranteed cost control an universal digi-
tal control law for uncertain nonlinear time-varying
sampled-data systems with small sampling period is
received and numerical example is presented.

Keywords: sampled-data systems, robust control,
output regulation

INTRODUCTION

Further development of the robust digital controller
design methods have great signi�cance as from the-
oretical and practical points of view. There are nu-
merous approaches to digital control system design.
For example, the frequency domain methods, the op-
timal control methods and the methods based on the
pole-placement are used for digital control algorithm
design [2, 9]. The inversion method [12] may be used
under complete information about the plant. The
adaptive control methods [7, 8, 9], the predictive con-
trol [5], the robust pole-placement methods [11] may
be used to solve discrete-time control problem under
conditions of incomplete information about distur-
bances and varying parameters of the plant.

The design methods based on the formation of two-
time scale motions in the closed loop system may be
e�ective for control system design under condition
of incomplete information. For example, two-time
scale technique [14, 17] should be used in order to

analysis of the motions in systems with sliding mode
[20, 21] and control systems based on the localization
method (LM) [22].

In particular, the digital control algorithms on the
basis of LM are discussed in [6, 15, 23]. As a result
of the further development of LM a general approach
to continuous-time and discrete-time control system
design under uncernainty has been presented in [27]
which was called as a dynamic contraction method
(DCM). The control law structure of continuous-time
version of DCM follows from the higher order lo-
cal optimization procedure and the structure of the
control law discussed in the discrete-time version of
DCM follows from a multi-steps local optimization
procedure [19]. Digital control system design based
on the continuous-time version of DCM has been
presented in [29], where a pseudo-continuous-time
model of the control loop with a pure time delay
is used for which a linear continuous-time controller
is designed and then a digital controller follows from
the continuous-time controller discretization.

As opposed to [29] in this paper the results of more
earlier paper [26] are used where a digital DCM con-
troller was designed based on a discrete-time model
which follows from the continuous-time system dis-
cretization. In order to a sampled-data DCM con-
troller design for single-input single-output (SISO)
linear system with high sampling rate in [30] it was
suggested to use an approximate discrete-time model,
which in accordance with the asymptotic properties
of a pulse transfer function of a series connection of a
zero-order hold and a continuous-time linear system
depends on only a relative degree of continuous-time
transfer function, Markov parameters and sampling
period [1, 3]. In this paper the results of [30, 31]
are extended in order to a sampled-data DCM con-
troller design for multi-input multi-output (MIMO)
uncertain nonlinear time-varying systems.

CONTROL PROBLEM

Let us consider a MIMO non-linear time-varying sys-
tem in the form

_x = f(x; t) + g(x; t)u; x(0) = x0 (1)

y = h(x; t) (2)

kirova27
Текст
Yurkevich V.D. “Universal Digital Controller for MIMO Continuous Plants with Uncertainty”. Proc. of UKACC Int. Conf. on Control - 2000. University of Cambridge, UK, 4-7th Sept., 2000.



Here, t > 0 denotes time, y(t) is the output, y 2 Rp;
x is the state, x 2 Rn; x(0) = x0 is the initial state,
x0 2 
x; 
x is a bounded set, 
x � Rn; u(t) is the
control, u 2 
u � R

p; p � n and f(x; t); g(x; t);
h(x; t) are smooth 8 (x; t) 2 
x;t = 
x � [t;1):

Assumption 1 Let as assume that a series connec-
tion of a zero-order hold (ZOH) and the continuous-
time system (1), (2) takes place, where u(t) = uk;
for kT � t < (k + 1)T; for a discrete input sequence
fukg

1
k=0:

The control system is designing to provide the fol-
lowing condition

lim
k!1

ek = 0 (3)

where ek = e(t) t = kT is the error of the reference
input realization, ek = rk � yk; yk = y(t) t = kT is
the sample point of output y(t). rk = r(t) t = kT is
the sample point of reference input.

Moreover, the controlled transients ek ! 0 should
have a desired performance indices. These transients
should not depend on an external disturbances and
varying parameters of the system (1), (2), where the
inuence of the all external disturbances w(t) is rep-
resented by dependence of f(x; t); g(x; t) and h(x; t)
from t:

SYSTEM WITH ZERO-ORDER HOLD

Following [16], by di�erentiating each component of
the output vector in expression (2) we obtain

y� = h�(x; t) + g�(x; t)u (4)

where

y� =

�
d�1y1
dt�1

;
d�2y2
dt�2

; : : : ;
d�pyp
dt�p

�0
;h� = fh�1; : : : ; h

�
pg
0

and �i is the relative degree of the system (1)-(2)
with respect to the output yi(t) where i = 1; p:

Assumption 2 The invertibility condition [16] is sat-
is�ed for the system (1)-(2), i.e. the following condi-
tion det g�(t;x) 6= 0 8 (t;x) 2 
t;x is satis�ed.

Let us introduce a new time scale � = t=T in (1)
then

dx=d� = Tff(�) + g(�)ug; x(0) = x0 (5)

Let us denote that u = K0v and K0 = fg�g�1

where v is the output of a zero-order hold. Then

�
d�1y1
d��1

;
d�2y2
d��2

; : : : ;
d�pyp
d��p

�0
= T fh�(�) + vg (6)

where T = diagfT�1 ; T�2; : : : ; T�pg.

If T ! 0 then dx=d� ! 0 and x � const; h� �
const: So, if the sampling period T is su�eciently
small then it may be assumed that at least during
the sampling period T the condition h�(x; t) = const
for kT � t < (k + 1)T is satis�ed. Accordingly, as a
result of the Z-transformation of (6) it follows that

yi;k =
E�i(z)

�i ! (z � 1)�i
T �i

�
h�i;k + vi;k

	
(7)

where yi;k = yi(t) t = kT ; vi;k = vi(t) t = kT ; h�i;k =
h�i (x; t) t = kT and Ei(z) are Euler polynomials [18]
(normal polynomials, reciprocal polynomials [1, 3])

El(z) = �l;1z
l�1 + �l;2z

l�2 + � � �+ �l;l; El(1) = l ! (8)

�l;j =

jX
�=1

(�1)j���l
�
l + 1
j � �

�
; j = 1; l; l = 1; 2; : : : (9)

Then for T small enough the behaviour of yi;k can be
approximately discribed by the di�erence equation

yi;k =
�iX
j=1

(�1)j+1
�

�i

�i � j

�
yi;k�j +

+T�i

�iX
j=1

��i;j
�i !

�
h�i;k�j + vi;k�j

	
(10)

Remark 1 If T = 0 then from (10) the di�erence
equation

yi;k =
�iX
j=1

(�1)j+1
�

�i

�i � j

�
yi;k�j (11)

follows where its characteristic polynomial equals to
(z � 1)�i :

CONTROL PROBLEM REFORMULATION

Desired di�erence equations

Let the stable di�erential equation

y
(�i)
i = Fi(yi; ri) (12)

follows from the continuous-time transfer function

Gd
i (s) =

bdi;�is
�i + bdi;�i�1s

�i�1 + � � �+ bdi;0

s�i + adi;�i�1s
�i�1 + � � �+ adi;0

(13)

where bdi;0 = adi;0 and parameters of Gd
i (s) are se-

lected based on the required output transient perfor-

mance indices of yi(t): Here yi = [yi; : : : ; y
(�i�1)
i ]0;

ri = [ri; : : : ; r
(�i)
i ]0; �i < �i, and ri = yi at the equi-

librium of (12). As a result, a reference model for the



desired behaviour of the vector y(t) is formulated in
the form

y� = F (�y; �r) (14)

where �y = fy1; : : : ; y
(�1�1)
1 ; y2; : : : ; y

(�p�1)
p g0; �r =

fr1; : : : ; r
(�1)
1 ; r2; : : : ; r

(�p)
p g0:

From (13) it follows that

Hd
i (z) =

z � 1

z
Z

�
Gd

i (s)

s

�
=

Bd
i (z)

Ad
i (z)

(15)

is the desired pulse transfer function, where

Hd
i (z)

��
z=1

= 1: (16)

From (15) the desired stable di�erence equation yi;k =
Fi(Yi;k; Ri;k) follows, which can be rewritten in the
form

yi;k =
�iX
j=1

(�1)j+1
�

�i

�i � j

�
yi;k�j+T�i ~Fi(Yi;k; Ri;k; T )

(17)
and ri;k = yi;k at the equilibrium for all i = 1; p:

Theorem 1 From (11) and (17) it follows that

lim
T!0

~Fi(Yi;k; Ri;k; T ) =

= Fi(y
(�i�1)
i ; : : : ; yi; r

(�i)
i ; : : : ; r

(1)
i ; ri) t = kT (18)

Proof. Obviously we have that

lim
T!0

fyi;k � yi;k�1g=T = y
(1)
i (t) t = kT

Similarly, the exp.(18) follows from (17) and (11),(12).

Insensitivity condition

Let us denote eF = F (�y; �r)�y� : Accordingly, if the
condition

eF = 0 (19)

is held then the desired behaviour of y(t) with pre-
scribed dynamics of (14) is ful�lled, where the ex-
pression (19) is the insensitivity condition of the out-
put transient performance indices with respect to the
external disturbances and varying parameters of the
system (1), (2). At the same time from the structure
of (12) it follows that the decoupling for all channels
is provided if the condition (19) takes place.

Assumption 3 Let as assume that stability or at
the least boundedness of the internal behaviour of
(1)-(2) under condition (19) takes place.

Remark 2 The procedure of the internal behaviour
analysis of (1)-(2) under condition (19) has been pre-
sented in [24, 25, 28]. In particular, it means that if
y(t) = r(t) = 0 for all t 2 [0;1) then the zero dy-
namics [4, 10, 13] in (1)-(2) is stable or at the least
one is bounded.

Let us denote

eFi;k = Fi;k � yi;k (20)

where Fi;k = Fi(Yi;k; Ri;k). Then the desired be-
haviour of yi;k is ful�lled if and only if the following
holds

eFi;k = 0 (21)

for all k = 0; 1; : : : If the condition of (21) is held
then the output transient performance indices of yi;k
are insensitive to external disturbances and parame-
ter variations in the system (1)-(2).

Control law structure

In order to controller design the approach [26, 27] is
used. To ful�l the requirement of (21) let us form
the control law in the form of the di�erence equation

vi;k =

qi��iX
j=1

di;jvi;k�j + �i(T ) eFi;k (22)

where i = 1; p and

�i(T ) = T��i~�i; ~�i 6= 0 (23)

di;1 + di;2 + � � �+ di;qi = 1: (24)

Note, from (24) it follows that an equilibrium of (22)
is the solution of equation (21).

MAIN RESULTS

Fast-motion subsystem

Theorem 2 If T ! 0 then the fast and slow modes
are appeared in the closed loop system (10), (22),
where

vi;k =

qi��iX
j=1

�i;jvi;k�j+~�if ~Fi�

�iX
j=1

��i;j
�i !

h�i;k�jg (25)

is the fast-motion subsystem (FMS) equation of the i-
th channel, where h�i;k�h

�
i;k�j � 0 and yi;k�yi;k�j �

0 8 j = 1; qi and

�i;j = di;j � ~�i��i;jf�i !g�1 8 j = 1; �i (26)

�i;j = di;j 8 j = �i + 1; qi: (27)



Proof. From (20) and (17) it follows that the closed-
loop system eqns.(10), (22) may be rewritten in the
form

yi;k =

�iX
j=1

(�1)j+1
�

�i

�i � j

�
yi;k�j +

+ T�i

�iX
j=1

��i;j
�i !

fh�i;k�j + vi;k�jg (28)

vi;k =

qi��iX
j=1

fdi;j � ~�i
��i;j
�i !

gvi;k�j +

+ ~�if ~Fi(Yi;k; Ri;k; T )�

�iX
j=1

��i;j
�i !

h�i;k�jg (29)

where ��i;j = 0 if j > �i:

In accordance with (5) and (6) it is easy to see that
in a new time scale � if T ! 0 then a rate of output
transients of (28) is decreased. Accordingly, the fast
and slow modes are appeared in the closed loop sys-
tem (28), (29) where a time-scale separation between
the fast and slow modes is represented by parameter
T: So, if T is small enough, then

h�i;k�h�i;k�j � 0; yi;k�yi;k�j � 0 8 j = 1; qi: (30)

Accordingly from (28), (29), (30) the equation (25)
of the fast-motion subsystem follows.

Universal control law parameters

Note, the asymptotic stability of FMS of the i-th
channel, desired transient performance indices of vi;k
and desired settling time of FMS can be achieved by
a proper choice of the control law parameters. For
example, the modal approach or frequency domain
methods may be used to choose the control law pa-
rameters in accordance with the requirements to the
admissible transients in fast-motion subsystem (25).

Let qi = �i then from (25) it follows the character-
istic polynomial AFMS

i (z) of FMS in the form

AFMS

i (z) = z�i � �i;1z
�i�1 � � � � � �i;�i (31)

Accordingly the settling time t
FMS

s of FMS of the
i-th channel equals to �iT if the requirement

AFMS

i (z) = z�i (32)

is satis�ed. From (32) and exps.(24),(26) the param-
eters of the universal digital controller follows, where

di;j = ��i;jf�i !g�1 8 j = 1; �i (33)

~�i = 1; i = 1; p: (34)

The parameters di;j of the universal digital controller
depend on the relative degrees f�ig

p
i=1 of continuous-

time system (1),(2) and Euler polynomials [18] only.

Slow-motion subsystem

Theorem 3 If a steady state (more precisely, a quasi
steady state) for the FMS (25) takes place, i.e.

vi;k � vi;k�j = 0 8 j = 1; qi; (35)

then vi;k = vai;k where

vai;k = ~Fi(Yi;k; Ri;k; T )�

�iX
j=1

��i;j
�i !

h�i;k�j (36)

Proof.The proof follows from (24),(25)-(27),(35).

Theorem 4 If T ! 0 and the FMS of (25) is asymp-
totically stable then the SMS equation of yi;k in the
closed loop system (28), (29) is the same as (17).

Proof. From (32) it follows that FMS is stable. If
T ! 0 then after fast ending of FMS transients in
(28), (29) we have that (35) and (36) are ful�lled.
Substituting (35), (36) into (29) yields the SMS equa-
tion which is the same as (17).

Theorem 5 If T ! 0 then vai;k � vai (t) t = kT ! 0;
where

vai (t) = Fi(yi(t); ri(t)) � h�i (x; t(t)) (37)

is the Nonlinear Inverse Dynamics problem solution.

Proof. If T ! 0 then from (5) it follows that xk �
xk�i ! 0 8 i = 1; qj: In accordance with (8) and
(18) we have that from (36) the expr.(37) follows.

Corollary 1 If T ! 0 then from (37) it follows that
the behaviour of yi(t) tends to the solution of (12).
Accordingly, the controlled output transients in the
closed loop system have a desired performance in-
dices after fast ending of FMS transients.

EXAMPLE

Let us consider the following non-linear time-varying
system

_x1 = x2 + x3(x1 � x3)(x3 + x4 � x1) +

+(2 + sin(x4))u1 + u2

_x2 = �(x1 � x3)(x3 + x4 � x1) + w(t) +

+(�1)u1 + (1 + 0:5 sin(x3))u2;

_x3 = x3(x1 � x3)(x3 + x4 � x1) + (38)

+(2 + sin(x4))u1 + u2;

_x4 = x2 � 12(x3 + x4 � x1) + u1 + u2;

y1 = x1 � x3; y2 = x3:
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Figure 1: Step response of outputs in the closed loop
system of the example.

From (38) it follows that �1 = 2; �2 = 1 and

g� =

�
�1 1 + 0:5 sin(x5)

2 + sin(x4) 1

�
(39)

where the assumptions 2, 3 are satis�ed. Let us as-
sume that K0 = fkijg � g�; where k11 = �1=3; k12 =
1=3; k21 = 2=3; k22 = 1=3: Require that the con-
trolled outputs y1(t); y2(t) behave as step response
of transfer functions

Gd
1(s) = 1=(�1s + 1)2; Gd

2(s) = 1=(�2s + 1): (40)

Then pulse transfer functions Hd
1 (z); Hd

2 (z) of a se-
ries connection of a zero-order hold and continuous-
time systems of (40) are the functions

Hd
1 (z) =

(1� d1 � ��11 Td1)z + d1(d1 � 1 + ��11 T )

z2 � 2d1z + d21

Hd
2 (z) = (1� d2)=(z � d2)

where d1 = exp(�T=�1); d2 = exp(�T=�2): As a
result the discrete-time controller has the form

v1;k = 0:5v1;k�1 + 0:5v1;k�2 +

+ T�2f�y1;k + 2d1y1;k�1 � d21y1;k�2 +

+ (1� d1 � ��11 Td1)r1;k�1 + (41)

+ d1(d1 � 1 + ��11 T )r1;k�2g

v2;k = v2;k�1 + T�1f�y2;k + d2y2;k�1 +

+ (1� d2)r2;k�1g

where fu1;k; u2;kg
0 = K0fv1;k; v2;kg

0:

The simulation results of (38) controlled by the algo-
rithm (41) are displayed in Figs.1,2 for the time inter-
val t 2 [0; 3] s, where u(t) = uk 8 kT � t < (k+ 1)T;
T = 0:05 s and �1 = 0:5 s, �2 = 0:4 s.

CONCLUSIONS

It has been shown that if a su�cient time-scale sep-
aration between the fast and slow modes in the dis-
cussed closed loop system and stability of FMS are

�1

�0:5

0

0:5

1

1:5

0 0:5 1 1:5 2 2:5 3

u1(t)
u2(t)
w(t)

Figure 2: Signals of inputs and disturbance in the
closed loop system of the example.

provided then SMS equation has the desired form
and thus the output transient performance indices
are insensitive to parameter variations of the system
and external disturbances. The main advantage of
the presented method is that in order to controller
design it is necessary to have information about rel-
ative degrees of continuous-time system f�ig

p
i=1 and

matrix g� only. It has been shown that when the
sampling rate increases, the control signal converges
to the continuous-time Nonlinear Inverse Dynamics
problem solution.
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